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ABSTRACT: We propose a definition of the Wilson loop operator in the A/ = 1 3-deformed
supersymmetric Yang-Mills theory. Although the operator is not BPS, it has a finite
expectation value at least up to order (g2/N)2. This does not happen generally for a generic
non-BPS Wilson loop whose expectation value is UV divergent. For this reason we call this
a near-BPS Wilson loop. We derive the general form of the boundary condition satisfied
by the dual string worldsheet and find that it is deformed. Finiteness of the expectation
value of the Wilson loop fixes the boundary condition to be one which is characterized
by the vielbein of the deformed supergravity metric. The Wilson loop operators provide
natural candidates as dual descriptions to some of the existing D-brane configurations in
the Lunin-Maldacena background. We also construct the string dual configuration for a
near-1/4 BPS circular Wilson loop operator. The string lies on a deformed three-sphere
instead of a two-sphere as in the undeformed case. The expectation value of the Wilson loop
operator is computed using the AdS/CFT correspondence and is found to be independent
of the deformation. We conjecture that the exact expectation value of the Wilson loop is
given by the same matrix model as in the undeformed case.
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1. Introduction

The AdS/CFT correspondence states the equivalence of string theory on AdSs x S% to the
N = 4 supersymmetric Yang-Mills [[]-M]. According to this correspondence, there exists a
map between gauge invariant operators in the field theory and states in the string theory.
The correspondence is well understood for the case of half BPS local operators where the
dual string states are D-branes in the bulk [f, f]. The Wilson loop operator is another
important class of gauge invariant observable which is non-local. The Wilson loop operator
in the Euclidean ' = 4 SYM theory is given by [

1 ‘
Wr[C] = NTTRP exp <}i dr(iA,z" + gpiyz)> , (1.1)

where A, are the gauge fields and ; are the six real scalars. The loop C' is parametrized by
the variables (z#(7),v*(7)), where (z*(7)) determines the actual loop in four dimensions,
and (y’(7)) can be thought of as the extra six coordinates of the ten-dimensional A = 1
super Yang-Mills theory, of which theory is the dimensionally reduced version. R is the
representation of the gauge group G. In this paper we will be interested in the case



G = U(N). In ([.1), the coupling to the gauge fields and the scalar fields is controlled by
#* and 7. In particular, Wilson loop operator satisfying the constraint

i? = g2 (1.2)

is locally BPS. Moreover it has a finite expectation value.

In the AdS/CFT correspondence, BPS Wilson loop operators in the fundamental rep-
resentation is dual to a fundamental string worldsheet ending on the AdSs boundary [f, §-
Recently, it has been realized that Wilson loop in the symmetric or antisymmetric repre-
sentation can be described in terms of a single D3-brane or D5-brane with worldvolume
RR flux. See [J-[7] for the 1/2 BPS case and [L] for the D3-brane dual for 1/4 BPS
Wilson in symmetric representation. More generally, it has been shown in [, [[4] that
half BPS Wilson loop operators in general higher rank representations can be described in
terms of a certain array of D3 branes or D5-branes. Analogous to the approach of [[7], the
supergravity description for certain half BPS Wilson loop has also been obtained [[[§-P1].

The goal of this paper is to try to extend some of these results to theories with less
supersymmetries. We will consider an AN/ = 1 supersymmetric gauge theory obtained by a
marginal 3-deformation of the N’ =4 SYM. The theory is described by the superpotential

ih Tr(e™® 1 y®3 — e~ ™D 30,), (1.3)

where ®; are the three N/ = 1 chiral superfields. The theory is conformal provided a
condition on the parameters h,( and the gauge coupling 7 is satisfied. The resulting
theory preserves N' = 1 superconformal symmetry and has a global U(1) x U(1) symmetry

U(1) : (P, Py, P3) — (‘1>1,ei51<1>2,e_i51<1>3)
U(1)2 : (@17@27@3) - (67i52‘p1,€i52‘p2,@3). (14)

The U(1)r symmetry acts as
URr: (P, D2, ®3) — (D1, Dy, B3) (1.5)

under a rotation 6 — €39/29. All together, the N = 1 3-deformed SYM theory is invariant
under a U(1)? symmetry. It’s action on the scalar components is

®y, — €% &, for arbitrary constants oy, (k=1,2,3). (1.6)

Here we have used the same notation ®; to denote both the lowest component of the
superfield as well as the superfield itself.

The supergravity dual of the §-deformed SYM was found by Lunin and Maldacena
in [Pd]. The Lunin-Maldacena background can be obtained from the AdSs x S via a series
of T-duality transformation, shift and T-duality transformation acting on the five-sphere
(S-duality is also needed if (3 is complex). We will look at the real 3 case. The supergravity
description is valid in the limit of small curvature R = (4wgsN)Y/* > 1 and

RB <1, (1.7)



with
R?B:=4 fixed. (1.8)

Aspects of the supergravity duals of Wilson loops in the S-deformed SYM theory has
been studied before [RF, R3.! However the form of the field theory operators that are
in dual with the supergravity configurations has not been identified. We note that the
Wilson loop operator ([.1), (L.9) is non-BPS since the gauge bosons and the scalars are in
different N' = 1 supersymmetry multiplets and so their supersymmetry variations cannot
cancel out each other. Conformal supersymmetry also does not mix these multiplets.? One
can check that even by allowing general fermion couping, it is not possible to construct
a supersymmetric Wilson loop. It thus appears impossible to construct a Wilson loop
operator which respects some of the N' = 1 superconformal symmetries of the 3-deformed
SYM.

In this paper we point out that although the Wilson loop operator ([L.1]), (.9) is non-
BPS,3 it shares a distinguished property of the locally BPS Wilson loop operator in the
N = 4 theory - namely, it has a finite vev. This is not true for a generic non-BPS Wilson
loop. To distinguish it from a generic non BPS loop, we call the operator ([L.1), (L.2) a
near BPS Wilson loop operator. An analogous example is the BMN operator in the N' = 4
SYM theory. The BMN operator is not a BPS operator, but it has a finite anomalous
dimensions in a particular double scaling limit [2J]. This operator is very interesting and
have been studied extensively. We stress that the near BPS Wilson loop operator is not a
deformation of a BPS one. The use of “near” is to emphasis that although it is not BPS,
but it has finite expectation value just as a BPS Wilson loop operator in the N' = 4 theory
does.

We propose that dual operators for the D-brane configurations in [RJ] are given by
the near BPS Wilson loop operators (L)), (I.J) whose path is a circle in the x-space
and a point in the transverse space. When (8 ~ 0, an approximate half of the associated
N = 4 supersymmetry is preserved. And one may call this Wilson loop operator near-
half BPS. We also consider the near-1/4 BPS case and construct the dual microscopic
string description. The Wilson loop’s expectation value is computed using the AdS/CFT
correspondence and, as expected, it is finite. Unlike the near-1/2 BPS Wilson loops where
the authors find that precisely the same undeformed ansatz has to be taken to construct
the desired dual D-branes configurations, here we find that one has to employ a modified
ansatz to construct the dual string minimal surface.

The construction of utilizes some interesting properties found for giant gravitons in the Lunin-
Maldacena background [R4]

2We note, however, that the Wilson loop operator (@) is half BPS if the curve is taken to be a lightlike
line (possible in the Lorentzian case) and with % = 0. This operator has no coupling to the scalar fields and
is not sensitive to the deformation. In this paper we focus in the case where the Wilson loop has coupling
to the scalar fields since we are interested in the effects of the G-deformation. We thanks Nadav Drukker
for a discussion on this.

3non-BPS in the local sense. For simplicity, unless otherwise stated, we will omit “local” in the following.

The meaning should be clear from the context.



The paper organized as follows. In section 2, we review the Lunin-Maldacena back-
ground in its original form where the deformed sphere metric is written in the angular
coordinate system. Since the 1/4 BPS Wilson loop necessarily involves a non-trivial cou-
pling to the six real scalars field, for the purpose of using AdS/CFT, it is more convenient
to re-express the deformed five-sphere metric and the B-field in terms of the embedding R®
coordinates. We then point out some very remarkable properties satisfied by the deformed
metric and the B-field, which will be needed later. In section 3 we review the argument for
the constraint ([.Z) on the form of the BPS Wilson loop and show that similar field theory
arguments lead to the same form for the Wilson loop operator. We also derive the gen-
eral form of the modified boundary condition for the dual string in the Lunin-Maldacena
background. Finally, we analyze the boundary contribution arising from the Legendre
transformation of the action and show that the finiteness of the Wilson loop vev fixes the
form of the string boundary condition. We finish, by giving in section 4 the dual string
solution in the Lunin-Maldacena background of a near-1/4 BPS circular Wilson loop. Un-
like the undeformed case where the string surface is confined on a S? in the five-sphere,
the string now extends on a deformed S3. The expectation value of the Wilson loop is
computed and found to be undeformed. We conjecture the exact expectation value of the
Wilson loop is given by the same matrix model as in the undeformed case. A number of
appendices are included. In appendix A, we derive the form of the Wilson loop in the large
N limit using the phase factor associated with the infinitely massive quark obtained from
the breaking U(N + 1) — U(N) x U(1). In appendix B, we collect some of the formula
of the deformed metric expressed in the Cartesian coordinates. The Hamiltonian-Jacobi
equation in the presence of B-field is derived in appendix C. In appendix D we show that
the 1-loop corrected scalar propagator and gauge boson propagator in the Feynman gauge
remains equal. Using this result, we show that our near BPS Wilson loop operator is free
from UV divergences up to order (¢°N)2.

2. The Lunin-Maldacena background

The type IIB supergravity solution that is dual to the 3-deformation of N' = 4 super Yang
Mills was found in [R6]. In the string frame it is:

N 2
ds® = R* |dshiys, + Y (dpf + Guide}) + ¥ Guiusus (D dei)”| (2.1a)
e*? = g,G, (2.1b)
B = R*y G (pip3den A dos + papides A ds + pzpidos Ader), (2.1c)
Cy = —4R*5 wy A (doy + doo + dg3) (2.1d)
Cy = wy + ARG wi Ady A dgo A dos (2.1e)

where R* = 47gsN (in units where o/ = 1),

G =1+ 32 (Wi + 3 + p3nd) - (2:2)



The parameter 4 appearing in (R.1)) is related to the deformation parameter 3 of the gauge

theory by:
4¥=R%p3. (2.3)
The definition of wy and wy can be found in [24].
The background has the U(1)? symmetry
dr — €% ¢y, for arbitrary constant &y, (k=1,2,3). (2.4)

This is in correspondence with the U(1)? symmetry (L.§) of the 3-deformed SYM theory.

2.1 Properties of the deformed metric and B-field

It is convenient to introduce the Cartesian coordinates where the deformed S® is embedded

Y =Y60! =Y cos ¢,
Y2=Y6%= Y po cos ¢a,
Y3 =Yv63 = Y s cos ¢3,

Y4 =Y0* = Y sin ¢,
Y5 = Y6 =Y piosin ¢,
Y% = Y6® = Y3 sin 3.

(2.5)

Here Y2 = (Y*)? and (6")* = 1. With respect to this basis, the symmetry (-4) is translated

to
Yi+iYy — (Y1 +iY)),

The metric (P.1d) becomes

R2

2 _
ds-w

3
> dXFAXF 4+ dY? + Y203
pn=0

Ya+iVs — €% (Yo +iY5),

T y?

Ya+iYs — € (Ya+iY¥5). (2.6)

R2 3 6 A A
> dXHAXF 4 GiydYidY7 |

n=0 i=1
(2.7)

where Gj; is the embedding metric of the deformed S°. The diagonal terms of the metric

are

1 .
Gy = W(COS2 ¢z + GM; Sln2 (bl), Gi+3 i+3 =

1
W(sin2 bi + GM; cos® ®i),

i=1,2(3,8)

where, for convenience, we have defined the new quantities

My =1+ 5u3p3,

The non-diagonal elements are

2

v . .

WGMMM% sin ¢1 sin ¢o,
.2

G5 = —%GMIMZU% sin ¢ cos @2,

22
G = %GM%MM?) sin ¢ sin 3,

My =1+ 4°uius3,

Giz =

Mz =1+ 5uiu3. (2.9)

22
Y . .
e G 13 pis sin ¢y sin @,

22

2
Gog = —%Glﬁuzus sin ¢ cos ¢3.



The elements Gas, Gag, Goa, G34, Gsg, G35 differ respectively from Gio, Gi3, G155, Gig,
Gas, Gog by switching all the cos and sin in each case. The remaining elements are

1 1
G14 —(1—GM1)SiI1 2¢1, G25 = —(1—GM2)sin 2¢2, G36 =

= 53 572 (1—GM3) sin 2¢3.

(2.11)

In the above we have given the metric elements as a function of the angles. For convenience,

2Y2

we have also recorded in the appendix B the expressions of the metric elements as a function
of Y7,

Even if as expected this deformed metric is not conformally flat, it displays some
remarkable symmetries. One can check that the following identity is satisfied

Y'GYI =1, (2.12)
which leads to
0'g;;67 =1, (2.13)
where we have defined
gij = Y?Gyj. (2.14)

The g;; is finite at the boundary as can be easily seen from (.§), (B-10), (P-11). Another
interesting property of the deformed metric is that

0°(0agij)0’ =0, (2.15)
where J, is an arbitrary derivative. Also we have
(0a8")gii#" = 0, (2.16)

which follows immediately from (P.13), (B.15).
The B-field also satisfies an interesting identity. Writing the B-field as

B = R*% G (b1 + by + b3), (2.17)

where

1
by := §emnk,ui,uid¢n ANdpy, mn k=123 (2.18)

It is
bs =Y A (YYPdY A dY? + YIY2AY A AAYD + Y'Y PdY? AdY? — Y2V AAYT A dYP),
by = =Y A YYSaY' AdY3 + YIV3aY P AdYS + YIVOaY3 AdY? — Y3V Ayt AadY"),
by =Y HYY%AY? A dY? + Y2Y3dY P AdYS + Y2YOdY? AdY? — Y3YPdY? A dYE).
(2.19)
It is easy to check that the B-field satisfies the following identity

B0, Y*Y' = 0. (2.20)



In fact the stronger form
b0 YFY? = 0. (2.21)

holds for the individual pieces composing the B-field.

In our following analysis, we will use the properties (B-13), (2-10), (B-20) of the metric
and the B-field to study the deformed boundary condition for the macroscopic string ending
on the Wilson loop. It will be interesting to see in which calculation the results (2.21) for
the B-field will be needed.

3. Near-BPS Wilson loop and twisted boundary condition

3.1 Form of the Wilson loop operator

We start out by recalling the arguments for the form of the Wilson loop operator ([L.1)
and the constraint ([1.4) in the original undeformed N = 4 case. Firstly, one can examine
the unbroken supersymmetry on the Wilson loop operators [P7-R9]. The Wilson loop
operator is locally supersymmetric if the constraint ([L.9) is satisfied. A second way is from
perturbation theory. One finds that the above constraint must be satisfied in order for
the UV-divergence to cancel out in the expectation value of W. This is easy to check in
the leading order in g?N := A and can be extended to arbitrary higher orders in \ using
arguments based on the present SO(6) symmetry 7. Another way to derive the Wilson
loop operator is by decomposing the gauge group U(N + 1) — U(V) x U(1) in order to use
the W-bosons, that appear from this breaking [d, 7. Finally, the constraint can also be
understood from the dual supergravity point of view [R7]. Imposing appropriate boundary
conditions and then using the Hamilton-Jacobi equation for the minimal surface, one find
that only if the constraint ([.J) is satisfied can the minimal surface ends on the boundary
of AdSs and giving rises to a finite vev for the Wilson loop. We remark that the first
two methods work for any gauge group and any representation, while modifications will
be needed in order to generalize the third and the fourth methods to other gauge group or
higher representation.

In the (-deformed theory, as we explained in the introduction, it appears impossible to
construct a supersymmetric Wilson loop. On the other hand, supergravity configurations
have been constructed whose dual operators would have finite vev. We propose to study
this form of the Wilson loop operator ([L.1), ([.J) and that it provides the dual of the the
D-brane configurations constructed in [pJ].*

We first give field theory arguments for the choice of this operator in the beta-deformed
theories. First, as in the undeformed case, one may define the Wilson loop as the phase fac-
tor associated with the W-boson probe arising from the breaking U(N+1) — U(N) x U(1).
In appendix A, we calculate the deformed N' = 4 Lagrangian arising from this decomposi-
tion. The action looks quite complicated at finite N. However all the §-dependence drops
out in the large N limit of the classical action and the resulting operator takes the form

of (L)), (L.F). We propose this form of the Wilson loop for any N.

“In this case, the loop is taken to be a circle in the x-space and a point in the transverse space y°.



Another field theory reason is that if ones tries to derive the constraint in the (-
deformed theory using perturbation methods, the result at the leading order of 't Hooft
coupling A is the same as in the undeformed theory since the propagators of the S-deformed
theory are not modified. Hence the UV pole cancels if the condition ([L.2) is satisfied, as in
the undeformed case. At higher orders of A, the 3-deformation breaks the SO(6) invariance
of the scalars and the simple argument of the undeformed case does not hold and anymore.
However one can check explicitly the gauge boson and scalar propagator remains equal up
to order A. As a result, the UV divergence cancels out explicitly up to order A\? if the
constraint ([.2) holds. The details is presented in the appendix D. We conjecture that the
UV divergences cancel exactly in the S-deformed SYM theory. A better understanding of
perturbative properties of the beta-deformed theory would give an answer to this problem.

This result is quite remarkable since although the SO(6) symmetry is broken by the
B-deformation, a SO(6) invariant constraint is constructed. The same constraint is also
obtained from the SUGRA analysis performed in the next subsections and give support to
the validity of this constraint ([.3) and the form ([[.1)) of the Wilson loop operator.

We next turn to the supergravity picture for support of the form of the constraint
(1.9) and the conjecture on the UV finiteness of the Wilson loop. Before we do this, a a
comment is in order. In order for the Wilson loop operator to respect the U(1)? symmetry
(1.4) of the B-deformed SYM, one need to assign a corresponding rotation

Y1 +iya — €0 (y1 +iya), Yo +iys — € (Y2 +iys), Yz +iye — €' (ys +iys), (3.1)

to the loop variables y;. Here we have used the identification of the scalar fields ([A.g).
The transformation properties (B.1)) and (R.6) leads one to associate y; with Y;. This fact
is important as, given a specific configuration of the loop variables y; in the field theory,
it tells which Y; should be activated for the dual string configuration in supergravity. An

example will be shown in section 4.

3.2 Deformed boundary conditions

Since the constraint ([.9) is closely related with the boundary conditions of the dual string
we will use it to analyze how these boundary conditions are modified and we will see that
they are modified for the directions in the S°. We will first derive the most general form of
the boundary condition for the string minimal surface. This is given in terms of an arbitrary
matrix A¥,,. Then we show that the field theory constraint is obtained if this matrix is
given by the vielbein of the deformed metric. We also show that the UV divergence in the
supergravity result is cancelled.

5

Let (01,02) = (1,0) be the worldsheet coordinates.” The complex structure (a, 3 =

1,2) on the worldsheet
1
Jaﬁ = _gcvyepy'g (3'2)

V9

5Note that the conjugate momentum is defined with oo = o taken as the Euclidean time. We have chosen

to denote the boundary coordinate o1 by 7 so as to conform to the notation in (@) which is commonly
adopted.



is given in terms of the induced metric g,g. For the Lunin-Maldacena background, the

Hamilton-Jacobi equation takes the form
GY(P; — iBy01Y*)(P; — iBj0Y") + G P,P, = Gi;01Y'01Y7 + G, 01 X' 1 X" (3.3)
where the momentum are
P, = Gy 1)P03Y7 +iBydY*, P, =G 05X". (3.4)

The derivation of the HJ equation is given in the appendix. Notice the difference between
the undeformed case is that now appears the antisymmetric field B;;, which is not zero in
the deformed Lagrangian. Furthermore, because we use Euclidean world-sheet, it appears
as usual an ¢ in front of the worldsheet coupling to the B-field. However, the terms including
the antisymmetric field will disappear when we substitute in the Hamilton-Jacobi equation

the conjugate momentum and we obtain
gl-leo‘Jlﬁ(?aYiang + JlaJlﬁaaX“(?gX“ = gl-j(?lYiale + (81X“)2, (3.5)

where we have substituted (2-I4) and using that G, = 6,,/Y 2.

Now let us determine the boundary conditions for the string coordinates. Suppose that
the Wilson loop is parametrized by the values (z#(01),%*(c1)) and choose the world-sheet
coordinates such that the boundary is located at oo = 0. Since the deformation in the dual
supergravity background does not appear in the X* directions, it is natural to impose the
same Dirichlet boundary condition for these coordinates as in the undeformed case:

XH(oy,0) = 2(01). (3.6)

For the remaining 6 string coordinates Y(c1,02), one can expect the situation to be
more complicated since in the Lunin-Maldacena background, the deformations from the
standard AdS background occur in these directions. Due to the presence of the B-field,
the general mixed boundary condition takes the form

J20,Y*(01,0) 4+ iB*0,Y!(01,0) = A¥ 9! (o) (3.7)

for some invertible matrix A¥;. In addition, for a minimal surface to terminate at the
boundary of AdSs, we have the Dirichlet conditions Y?(oy,0) = 0, which means

01Y(01,0) = 0. (3.8)
So the above Neumann boundary condition simplifies to
JE0,Y*(01,0) = A* ¢l (0y). (3.9)

Inserting the boundary conditions (B.4), (B.§) and (B.9) in the Hamilton-Jacobi equation
we find

i? — A Al g 9™ = (190, X2 (3.10)



The term (J;%9,X*)? has to be zero near a smooth boundary, otherwise it costs infinite

area. Therefore, we arrived at the constraint
i? = gklAkmAln ymyn (3'11)

In particular, the constraint derived from supergravity agrees with the constraint ([L.3)
derived from field theory considerations of the condition if the matrix A¥; satisfies the

condition
gklAkmAln = 5mn- (312)

This means that the boundary condition matriz A*,, is the vielbein of the deformed metric
gki- We remark that in 23], the D-brane boundary condition in the S-deformed theory was
obtained out using TsT transformation on the original undeformed boundary condition. It
was easy in that case since only angles was involved. In our case we still expect that one
can perform a TsT-transformation on the angles to derive the modified boundary condition
B.9), (B.19), although it is less direct since the boundary condition is formulated in terms
of the Cartesian coordinates while TsT transformations operates on the angles.

3.3 Legendre transformation and boundary contribution

In the undeformed case, after performing a Legendre transformation the UV singularity of
the area functional cancels because of the constraint @2 = 2. For the deformed case, we
should have a similar situation in order for our result to be consistent. We will check this
now. As before, since the boundary condition (B.9) is of Neumann type, we consider the

same Legendre transform

A=A- jq{dalpiyi. (3.13)

Since the metric is singular at Y = 0, we introduce a regulator Y = € and evaluate the
regularized action for Y > e. Let us first focus on the term that comes from Legendre
transformation Using the definition (B.4), we have, at Y = ¢,

) .y 1
PY' =G 1PosYIY" = 71 0aY, (3.14)

where we have used the property (.20) to get rid of the B-field term in the first equality;
and substituted Y = Y0!, G;; = g;;/Y? and used (R.13), (B.16) in the second equality.
To express J#3,Y in terms of the boundary data, we note on substituting Y* = Y§* and

using again (2.13), (R.16) that,
9ij (JEOY ) (JP05YT) = (JR0,Y)? + Y2 IR TP 61j0,0°0507. (3.15)

In the limit ¢ — 0, the second term on the r.h.s. is zero. As for the Lh.s., we use the

boundary condition (B.9) and the condition (8.13). Therefore we obtain

7 = (Jr0.Y)2 (3.16)
And the action (B.13) becomes
- ] 1
A:A_jfdm'iYLA—gyfdalyy\, (3.17)

,10,



where we are evaluating the regularized action for Y > e.
Now, as in the undeformed case, we expect the area of the minimal surface to have a

linear divergence proportional to the circumference of the boundary. Therefore

~ 1
A:_fwmm—myHMmmm (3.18)
€

This means that like the undeformed case, the linear divergence in the deformed case
cancels when the conditions ([[.9) is satisfied.

It is worth noticing that this analysis of the absence of UV divergence in the vev of
the Wilson loop is valid for large A, while the field theory analysis presented in the last
subsection is valid for small (up to second order in) A. The fact that the UV divergence
cancels and a well-defined Wilson loop is obtained for both small and large A leads us to
the conjecture that the Wilson loop ([.1]), (.9) is well-defined and has finite vev in the
N =1 p-deformed SYM theory.

4. Near-1/4 BPS Wilson Loop

In the above, we have proposed that the D-brane configurations considered in [@] are
dual to the near-1/2 BPS operators where the circular loop has a trivial dependence in the
transverse space. Now we look at next non-trivial case where the loop involves a non-trivial

rotation in the transverse space as well,

WMz%ﬂPmﬁ/&G@WM+MMWﬂM”, (4.1)
where the loop is a circular path of radius Ry in space
2! = Rycost, x%= Rysinr, (4.2)
and the coupling to the three scalars @1, p2, w5 is parametrized by
0' = cosfy, 60> =sinfycost, 0> =sinbysinr, (4.3)

with an arbitrary fixed 6. This operator in the undeformed theory is 1/2 BPS when
6p = 0 and 1/4 BPS in general [[J]. In this section we use the AdS/CFT correspondence
to compute the value for the circular near BPS Wilson loop operator in the g-deformed

SYM.
We use the following form for the (Euclidean) AdSs metric

ds® = du® + cosh? u(dp?® + sinh? pdyp?) 4 sinh? u(dy? + sin® xyd¢?). (4.4)
For the deformed S° (R.14), we parametrize the u; coordinates via
u1 =cost, o =sinfcosa, u3z=sinfsina (4.5)

so that Zd,u? = d6? + sin? Oda?. For Euclidean space, the worldsheet coupling to the
B-field get an extra factor of —i.
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To find the dual string configuration, we note that

0! +i0* = cos by,
62 +i0° = sin Hpe'”, (4.6)
0 +i6° = 0.

Comparing with the definition (R.5) for 67, and using ({.5), this means the dual string
configuration must satisfy ¢o = 7, and 8 = 0y, p1 = o = ¢3 = 0 at the boundary.
Minimally, one wants to consider an ansatz involving only two angles ¢o and 6. However
due to the B-field, one can see easily that this is inconsistent. Let us therefore consider
a motion on R% x S3 where R? C AdSs is parametrized by ¢ and p, and the deformed
3-sphere is parametrized by the three angles 6, ¢1, o with o = ¢3 = 0. The Polyakov
action for the Euclidean worldsheet (o, 7) is

S = ;I/—X /deT [,0/2 + p% + sinh? p('2 + %) + 0'2 + 6% + G cos? 0(¢,% + ¢?)
7
+G'sin? 0(¢h% 4 ¢2) — 204G sin® 0 cos? O(d1dy’ — ¢1,(j.52)] , (4.7)

where ’ (resp. ") denotes J, (resp. ;) derivative. Due to the extra factor of —i in the B-
field coupling, a real configuration is possible only if one perform a Wick rotation ¢y — i¢y.
To match with the path specified by (f.9), (f.3), we look for solution of the form

u =0, p = p(o), Y= (4.8)
0 =0(o), ¢1 = ¢1(0), P2 =T. (4.9)

We remark that, compared to the solution [BJ] for the undeformed case, our ansatz has

an additional angle ¢; turned on. This is similar to the situation in the story of magnon.

There the string configuration dual to the magnon was found [B]]] to expand from a motion

on S? for the undeformed case to a motion on a deformed 3-sphere when the 3-deformation

is turned on. We also remark that the Wick rotation on ¢; is natural and is consistent with

a semi-classical interpretation of the AdS/CFT correspondence as a tunnelling phenomena.
The classical equations of motion for our ansatz ([.§), ([.9) takes the form

p" = cosh psinh p, (4.10)

0" = %Bg(G sin? @) — %Bg(G cos? ) @2 + 9g(YG sin? 0 cos? 0)¢ (4.11)

0 = 0, (—G cos® ¢ —AG sin’ 0 cos? Oy’ ) +05 (—G cos® ¢y +4G sin? 6 cos® O¢ry)  (4.12)

0 = 0;(Gsin? 0y +5G sin? 0 cos® O¢1") + 0, (~G sin? 0y’ —4G sin” O cos? dy).  (4.13)
The equation ([l.13) is satisfied trivially. Equation (f.12) gives

~Gcos®0¢y’ + 4G sin® f cos® 0 = ¢y. (4.14)

For the surface to be closed, it must be possible to reach # = 0 (north pole) or = (south pole),
and there the derivatives ¢1’, ¢’ should be zero since no rotation is possible. Therefore
c1 = 0 and we have

$1' = Asin? 6. (4.15)
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Equation (1)) then becomes
62 = sin? 6 + ¢, (4.16)

where cs is a constant. Notice how the G dependence disappears in the above calculations.
Finally, we check also the Virasoro constraints, which reads

p'? —sinh? p + 0" — Gsin? 0 — G cos? 0 ¢} =0,

which implies
—p'? +sinh? p = 02 —sin? 6. (4.17)

Again here notice that the G dependence disappears. To get a surface in correspondence
to a single circle, we set co = 0, and the final form of the equations of motion is

p? = sinh? p, (4.18)
0" = sin?4. (4.19)
This give the solution
inh = (4.20)
sinh p = .
P~ Sinho
. 1
sinf = ———— < cosf = tanh(og £ 0) (4.21)

cosh(og + o)

and
¢1 = 4( tanh(o £ 0¢) F tanh(oy)). (4.22)

To see how our solution behaves, consider the limits

c—0=p—00, and 0 —0) ¢ — 0, (4.23)
c—00=p—0, and 60— 0orm. (4.24)

Here cos fy = tanh 0. Depending on the sign in ({f.21), the surface extends over the north

or south pole of 5.
Next we evaluate the action for this configuration. The bulk term is

Shulk = ? /dadT(sinh2 p 4 sin?0), (4.25)
T
from which we find
Sbulk = \/X(C()th Pmax + COS 00) (426)

Here we have introduced a cutoff oy to regulate the boundary contribution, and ppyax is
the corresponding cutoff on p. The coth pypax term will cancel with boundary term coming
from the Legendre transformation as we have showed above. Hence, the final result is

Stot = :F\/X cos 90, (4.27)
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and

(W) ~exp (£ VA cos 6o), (4.28)

where the sign is we chosen to minimize the action. This is the same vev as the 1/4 BPS
Wilson loop in the undeformed theory.

We note that in addition to this supergravity solution which involves 3 angles, one can
also construct a solution which involves only the two angles

0=0(0), a=r, (4.29)

together with ([.§). This solution is exactly the same as the undeformed one given in [B(]
and gives rises to the same expectation value for the dual Wilson loop. It is straightforward
to work out the Wilson loop operator that is dual to it. It is defined by the loop

01 = cosfy, 0O =sinfycost, 63 =sinfysinT. (4.30)

Due to a lack of SO(6) invariance, the Wilson loop operator with the loop (.30) is different
from the one with the loop ([£3). It is quite amazing that they have the same expectation
value.

To understand this result better. Let us first recall how the expectation value of
the 1/2 BPS circular Wilson loop was computed in gauge theory [Bd, B4]. The circular
loop is related to the straight line by a conformal transformation, one can therefore relate
the circular Wilson loop to the expectation value of the Wilson straight line, which is
one. The result is however non-trivial since under the conformal transformation, the gluon
propagator is modified by a singular total derivative which gives non-zero contribution only
when both ends of the propagator are located at the point which is conformally mapped to
the infinity. It was conjectured by [BJ] that diagrams with internal vertexes cancel precisely
and this is supported by a direct calculation at order g*N2. Assuming this is true, [B]
showed that the sum of all the non-interacting diagrams can be written as a Hermitian
matrix model

(Wg) = <%Tr3 [eM]> = %/DM%TrR [eM] exp (— gTrM%. (4.31)
This is exact to all order in A and 1/N [B4]. Explicit evaluation of the integral and hence the
Wilson loop expectation value has been performed for loops in various representations [B3,
B4, B, [0, [d, [J]. This argument has also been applied to the 1/4 BPS fundamental Wilson
loop [B(].

Now the (-deformed theory is exact conformal. So the above argument of conformal
anomaly applies. The only thing one need to be sure is how interacting diagrams contribute.
If they again sum up to zero, then there is no S-dependence left and one will get the same
result as in the undeformed case. Our result of getting the same expectation value for the
undeformed and the deformed Wilson loop operators suggests that the interacting diagrams
again cancel exactly, at least in the large 't Hooft coupling limit. This is however not easy
to prove from perturbation theory since one needs to identify terms with dependence on
B%N at each order of 1/N. We believe a similar mechanism as in the undeformed case is
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at work. If this is the case, the exact expectation value of the circular Wilson loop in the
(B-deformed SYM will be given by the same matrix model as in the undeformed N = 4
case. A better understanding of how this works in the undeformed case is necessary and
will be very interesting.

For the same reason, we conjecture that the expectation value of the near-1/4 BPS
Wilson loop in higher representations will also be unmodified. It will be interesting to
construct the D3-brane and D5-brane dual to these Wilson loops in higher representations
for the §-deformed theory and check this.

In this paper we have proposed a definition of a near BPS Wilson loop operator in the
B-deformed SYM theory. We conjectured that this operator has finite vev and provided
supporting evidences both from field theory and from supergravity. Thus this operator
is a natural candidate of a Wilson loop operator which admits a holographic description
in the g-deformed AdS/CFT correspondence. We showed that on the supergravity side,
the finiteness of the vev of the Wilson loop implies the same constraint on the loop as
is derived from the field theory analysis. That this is true relies on some remarkable
properties satisfied by the metric and the B-field of the Lunin-Maldacena background. It
will be interesting to be able to formulate and understand these symmetry properties in
terms of the dual field theory language. Its origin is likely to be nonperturbative. This
should provide us a better understanding of the mechanism responsible for the finiteness

of the vev of the Wilson loop.
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A. Wilson loop from U(NN + 1) — U(NN) X U(1) breaking
For real S-deformation, the bosonic part of the Lagrangian of the §-deformed SYM theory
is given by

2

= TrGF””Four(D“‘P“)(Du%)—gQ[%,%]*[W,@ﬁ]ﬁ%[%,@a] [%,@ﬁ]), (A1)

where @, (a = 1,2,3) are the scalar components of the N' =1 chiral superfield. The star
product for the fields is defined by

Fag = mQ{QI-0fon £y (A.2)
where fg is an ordinary product and (Qfe'd, Qfld) are the U(1); x U(1)y charges of the
fields (f or g). The values of the charges for all fields are given in ([.4). Clearly the star

product is non-trivial only when different chiral fields are multiplied, as explicit in ([A]).
Furthermore, we use the deformed commutator of fields,

[faa g,y]* = fa* gy — gy * fa = eimPery fagv — e~ mhay gfyfa, (A-3)
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where (3, takes the values

Boay = —Byas Biz2= —P13= Paz:i= . (A.4)

Next, let us break the gauge group U(N + 1) — U(N) x U(1) by turning non-zero
vacuum expectation values for the scalar fields

Onxn O
D, = C a=1,23. A5
< 0 M@a) @ (A-5)

Here O lies on a 5-sphere, ©,0% = 1, corresponding to the direction of the symmetry
breaking. Decomposing the fields as

~ A ~
i - MTWM g [T W) 46)
WN p YOé M@a

we obtain the action in terms of W, Y, :

L1 _ 1. — _ .
S = ZF5V+(DHQ>Q)(D#<I>Q)+§[<I>Q, Do][@y, By] + [Pa, Prlga, [Pas Prylga,
+((Dy = ia) W) (Dy +iau)Ya) + (D + ia)Yd) (Dy — ia)Wa)
1
+Zf5u + (@AM@L)(@AM@a)
. 1 .
—2v] (@W%e—?”ﬁw — 0o Py +5(Pa—MO4)(2,—M6,) +M?0,0, (el — 1)) Wi

oy, (6766,6%% BT+ L@ OB, — MO,)+ 20,8, (2o — 1)) w,

1

2

Y (2@~ MO ) s, (= MO + (84, T ) 0oy — 2y~ M) 55, (B~ MO,)
(D — MOL) (@, — MB,) )W,

Yo (2@ = MO % 5, (B = MO+ By, @4]) 0oy = 2P, = MO, 55, (Bo— M)

(@ = MB)(@y = MO )W 4+, (AT)

where we have defined

(D, —MO,) * %5, (P —MO,) := B8, +M?0,,0,— D, MO, > Por _ MO, P, e 2mbar
(D, —MO,) %, (Po—MOy) 1= B\ o ™7 + M?0,0,e 27 — MO, 00— D, MO,.

In (A7), - - denotes terms of higher order (fourth) in the fields W,Y’, and Tr over U(N)
is understood.
Next, we go to the real basis by introducing

1 1 1
P = — +ipy), Py = — +1ip5), Pz3= — + iwg) , A8
1 \/5(% pa), P2 2(@2 ¢5), P3 2(<P3 ©6) (A.8)
1 1 1
Wi = —(wq1 +iwy), Wy = —(wg +iws), Wz= —(ws+iwsg), A9
1 \/5( 1 1) 2 2( 2 5) 3 2( 3 + iwe) (A.9)
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and similarly for Y, and ©,. The terms Y (- - - )W,}L, Yo(- o )Wy, Yo (- )W:; and Yl (- - - YW,
become

6
Z w;r |: ij — CZOZ:| w; + Z w;r [2)\@‘ —Cioj—i-Qi sin 273 Z Sikl(pkMal] w;+ c.c.
i=1 j=1 ij=14,25,36 kl
6
+ Z wiT [21\2‘]‘ —CZOJ —2M20i(9j(COS 27Tﬁ - 1)+21' Z Siklj sin 27Tﬁ((pk<pl —MQH]?H[)} w;
ij#14,25,36 k=1
i)
+ c.c., (A.10)
where we have defined
Cij = ((piemﬁ — M@Z‘efmﬁ)((pjefmﬁ — M@jemﬁ), (A.ll)
Az‘j = PiP; — P COS 27‘1’ﬁ7 (A.l?)
Aij = @i, @51 (A.13)

and Cloj = Cj;(# = 0). The quantities s;ji, Sijkm are equal to +1 or zero, and their non-zero
elements are shown below:

s = 1 for ikl = 125,163,241,236, 314,352, and  sip = —Silk ,
Sikij = 1 for iklj = 2451,1245, 4512, 5124, 1643, 6431, 3164, 4316, 3562, 2356, 5623, 6235 .

We have written our result in this form, so to be clear as much as possible the separation
between the deformed and the undeformed part of the Lagrangian.

Following the derivation of [27], one can derive the form of the deformed Wilson loop.
What is relevant is the eigenvalues of the mass matrix (A.10). In the undeformed case,
the mass matrix has an eigenvalue which is 5-fold degenerated and a zero non-degenerate
eigenvalue. The supersymmetric Wilson loop ([J), ([.J) is derived from the (infinitely)
massive quark probe. In the §-deformed case, the eigenvalues are generally deformed and
degeneracy is lifted. However it is clear that the large N Wilson loop will be the same as
in the undeformed case because there isn’t any multiplicative factor depending on N in
the mass matrix (JA.10), therefore the classical Lagrangian is the same as the undeformed
one in the large N limit (|L.7).

For finite NV, one will need to keep track of all the dependence of 3 in the Lagrangian
(A.10). Due to the large amount of computational work, we were not able to work out the
explicit expressions of the eigenvalues. However for the cases we have checked (for example
by setting some of the ¢ and 0 zero), it appears that there is always an eigenvalue which
is equal to the undeformed one. It is the phase factor which is associated with this quark
which gives rises to the Wilson loop ([.1), ([.2).

We remark that one may also utilize the star product (JA.2) and use a star product
path ordering to define the Wilson loop operator. Unlike the Wilson loop in the ordinary
noncommutative geometry which is highly non-local [BJ], the closed Wilson loop operator is
immediately local and there is no need to employ an open Wilson line. When one expands
the exponent, one will get higher and higher powers of the scalar fields and each of them is
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accompanied with a phase factor which depends on the charge configuration of the scalars.
Since these phase factors becomes higher and higher power in 3, in general one cannot drop
the B-dependence even in the large NV limit. This operator is not what one obtains from the
probe analysis presented above. It is an interesting question whether this noncommutative
Wilson loop also admits a nice holographic interpretation, and how.

B. The deformed metric in the Cartesian coordinate system

For convenience we collect and present the metric in the coordinate system (R.5) expressed
in Y* coordinates. Defining

A =14+32Y 4% + 7))V + YY),

Ay =1+ 32V Y + Y9 + Y,

Ag =142V YT 4 Y¥)(v? + YY), (B.1)
the metric elements are:

(Y¥ +GY¥A) Y¥ + Gy A)

_v—2 _v—2
Gll =Y le T Y42 ) G44 =Y le + Y42 )
Y2 4+ GYTA Y5 4+ G2 A
G22zy—2( tG 2 2)’ G55:Y_2( tG k 2)7
Y?2 + Y5 Y?2 _|_Y5
Y¥ 4+ GYS A Y® +Gy3 A
Gs3 = y-2 Y;; fy62 3), G = y -2 Y;; fy62 1)7 (B.2)
Giz= 2v 532G(v¥ + YO)YYS, Gi= 2y %52G(v" + v )viys,
G5 = —2Y 942GV + Y )y? Y4 Gis = —2Y 92G(Y? + YO ) Y1y3,
Gaz = 2Y 532GV £ YP)WYOYS, Gy = -2V 532GV + YF)Y1Y5,
Gag = —2Y 942G(Y"Y +Y¥ )Y3Y5 Ggy = -2V~ nyQG(YZQ +YP)Yys,
G3s = —2Y S2G(Y Y + Y )Y2YS, G = 2v S QG(Y?’Q +YS)yly?,
G = 2Y 952G(Y¥ + Y)Y Y3, Gss = 2Y 952G(YY + Y¥)Y2Y®, (B.3)
YiY4(1 - GA
Gy =2Y 2 Y12( v 1)7
L Y2Y5(1 — GAy)
Gog = 2V 2 vEyE (B.4)
LY3W5(1-GA
G36 =2Y 2 Y32( + Y62 3)

Substituting from (R.5) the coordinates we express the metric in angles, the diagonal terms
are

1 1
G111 = V2 (CO& &1 + Gsin® 01 M), Gy = vz (sm é1 + G cos? o1 M),
1 1
=2 (CO& é2 + G sin® paMs), Gss = v (sm b2 + G cos? paMs),

1 1
Gs3 = V2 —5 (cos® g3 + G'sin® p3Ms),  Geg = 72 —5(sin® g3 + G cos® p3Ms) . (B.5)
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The non-diagonal elements are

1 . . 1 . .

G2 = WW2G,U1M2M§ sin gy singa, Gz = WVQGMM%% sin ¢y sin @3,
1 A2 2 . 1 A2 2 .

Gis = =357 Gpiapizsin gy cos @2, Gre = —157 G pafis sin ¢y cos s,
1 ~2 2 . . 1 22 2 :

Gaz = va Guipspssin gosin g,  Gog = 327 G prapiz cos @1 sin ¢,
1 ~2 2 . 1 22 2 :

G26 = —327 Guinepssin gz cosds,  Gsg = —155 Guipaps cos ¢1 sin ¢,
1 +2 2 . 1 22 2

Gss = “y2 Guipzaps cos pasings, G = vz G i1 pa i cOS 1 COS ¢,
1 2 L om0 2

Gy = yva ! Guipsps cos grcos gz,  Gsg = vz Gipaps cos ¢z cos g3, (B.6)

and

1 . 1 . 1 .
G14 == ﬁ S1n 2¢1(1—GM1), G25 == ﬁ sm2¢2(1—GM2), G36 == ﬁ sm2gb3(1—GM3).
(B.7)

C. Derivation of the Hamilton-Jacobi equation

In this appendix we shortly derive the Hamilton-Jacobi (HJ) equation (B.J). Consider the
action for the string

S = /dQU(\/detg — iBr;0,X'0,X7) (C.1)
where g3 1= GU@aXlagXJ, «, 3 =1,2. The conjugate momentum is

) 1
b 05 1

- —G X7 — o X))+ iBryn X7 = P; +iBrj61 X7, (C.2
50X~ o 17(91102 g1201X”) 1701 i 1701 (C.2)

where we have introduced P; as defined above. This turns out to be a convenient variable
for expressing the HJ equation. The Hamiltonian is

H = Pio: X' — L =P8, X" — /3. (C.3)

Eliminate 92 X' in terms of P; and note that Prd1 X! = 0, we obtain

H= @(G“PIPJ — g11)- (C4)

911

And we obtain the HJ equation H = 0,
GlPP; =G0 X709, X7. (C.5)

This is the form of HJ equation we used in the main text of the paper.
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N

Figure 1: 1-loop contribution to scalar propagator

D. Cancellation of UV divergences up to order (g?N)?

We first demonstrate that that the scalar propagator and the gauge boson propagator in
the Feynman gauge remains equal up to first order in g2 N. The simplest way to show
this is to use superspace Feynman graphs. In terms of superfields, the Lagrangian for the
(-deformed SYM theory is

_ _ 1
L= / d?0d?0 Tr(e 9V ®;e9V ;) + 57 / d?0 TeW W, + c.c. (D.1)
g

+Z'h/d2(9Tr(ei7rﬁq)1(I>2q)3—eiﬂﬁq)lq)gq)z)—i-ih* /d2§Tr(€iﬂ6$16263—6iﬂ6616362).

Using fope := —iTr(To[Th, Te]),  dape := Tr(Ty{Ty, T.}), the superpotential can be written
as

—h(fape cOS 0B + dgpe SInT3) / d?0 PIDLDS + c.c. . (D.2)

The relation between h and g is obtained from the requirement of superconformal invari-
ance, which gives up to two-loop order [Bd, B,

|h|? (Cg cos? 73 + Dy sin® Wﬂ) = Ng°. (D.3)

Here fapefarbe = Oaa’ C2, dapelarpe = dqar D2 and Tr(TyTy) = d4q /2. Now the 1-loop correc-
tion to the scalar propagator is contained in the diagrams in figure 1. It is obvious that the
graph (b) is independent of §. For the graph (a), it has a interaction vertex proportional
to |2 (fapefarbe €082 7B + dapedarye sin? 73). Using the superconformal invariance condition
(D.3), this is equal to g>?Nd,y and is independent of 3. Thus the one loop contribution to
the scalar propagator is independent of 3. It is obvious that the one loop contribution to
the gauge boson propagator is also independent of 3. Using the result of [BJ], we conclude
that the scalar propagator and the gauge boson propagator remains equal up to first order
in g>N.

Using this result, it is easy to see that the Wilson loop operator ([[.1) is free from
UV divergence up to order (g?N)? if the constraint ([.J) is satisfied. The proof is a
slight adaption of the computation of [Pg]. At leading and next-to-leading orders, we have
the Feynman diagrams given in figure 2. The linear divergences in diagrams (a-g) got
cancelled out immediately due to the equality of the 1-loop corrected scalar and gauge
boson propagators. As for the diagrams (h) and (i), we have

(h) + (i) = 2(92N)2/d4mj{d31d32d3300(31,32,33) :

'(Dmma)\sz - a)\Dx:lemz)Dmsx.g\ : (ilfilzjéuu - ?/i?/g‘sw) (D-4)
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Figure 2: Feynman diagrams of leading and next-to-leading orders

The contribution to (D.4) from the region s; ~ so ~ s3 is linear divergent for a generic
loop,

(h) + (i) ~ jq{dsl%(:b% — 92 +e). (D.5)

However when the constraint ([[.9) is satisfied, the contribution is finite. Thus we conclude
that the Wilson loop operator ([L.T]) has a expectation value that is free from UV divergence
up to order (¢2N)? when the constraint is satisfied.

We also remark that, due to the equality of the propagators, the Wilson loop operator
with the constraint [2]

=M.t MM, =6, (D.6)

has expectation value 1 up to order (¢2N)?. We conjecture that this Wilson loop has an
exact expectation value 1 just as in the A’ = 4 theory.

References

[1] J.M. Maldacena, The large-N limit of superconformal field theories and supergravity,

Theor. Math. Phys. 2 (1998) 231| [IInt. J. Theor. Phys. 38 (1999) 1113 [hep-th/971120(].

[2] S.S. Gubser, I.R. Klebanov and A.M. Polyakov, Gauge theory correlators from non-critical
string theory, |Phys. Lett. B 428 (1998) 105 [hep-th/9802109.

[3] E. Witten, Anti-de Sitter space and holography, |Adv. Theor. Math. Phys. 2 (1998) 253
[hep-th/980215(].

[4] O. Aharony, S.S. Gubser, J.M. Maldacena, H. Ooguri and Y. Oz, Large-N field theories,
string theory and gravity, |Phys. Rept. 323 (2000) 183 [hep-th/9905111].

— 21 —


http://www-spires.slac.stanford.edu/spires/find/hep/www?j=00203%2C2%2C231
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=00203%2C2%2C231
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=IJTPB%2C38%2C1113
http://arxiv.org/abs/hep-th/9711200
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB428%2C105
http://arxiv.org/abs/hep-th/9802109
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=00203%2C2%2C253
http://arxiv.org/abs/hep-th/9802150
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PRPLC%2C323%2C183
http://arxiv.org/abs/hep-th/9905111

[5] S. Corley, A. Jevicki and S. Ramgoolam, Exact correlators of giant gravitons from dual
N =4 SYM theory, |Adv. Theor. Math. Phys. 5 (2002) 809 [hep-th/0111227].

[6] D. Berenstein, A toy model for the AdS/CFT correspondence, JHEP 07 (2004) 01§
[lhep-th/0403114].

[7] J.M. Maldacena, Wilson loops in large-N field theories, |Phys. Rev. Lett. 80 (1998) 4859
[hep-th/9803007].

[8] S.-J. Rey and J.-T. Yee, Macroscopic strings as heavy quarks in large-N gauge theory and
anti-de Sitter supergravity, |[Eur. Phys. J. C 22 (2001) 379 [hep-th/9803001]].

[9] N. Drukker and B. Fiol, All-genus calculation of Wilson loops using D-branes, JHEP 02

(2005) 01 [hep-th/0501109].

[10] S. Yamaguchi, Wilson loops of anti-symmetric representation and D5-branes, JHEP 05

(2006) 037 [hep—th/0603204].

[11] J. Gomis and F. Passerini, Holographic Wilson loops, JHEP 08 (2006) 074 [hep-th/0604007].
[12] K. Okuyama and G.W. Semenoff, Wilson loops in N =4 SYM and fermion droplets,

06 (2006) 057 [hep-th/0604209).

[13] S.A. Hartnoll and S.P. Kumar, Higher rank Wilson loops from a matriz model, JHEP 08

(2006) 026 [hep-th/0605027).

[14] J. Gomis and F. Passerini, Wilson loops as D3-branes, JHEP 01 (2007) 097
[hep-th/0612022).

[15] S.A. Hartnoll and S. Prem Kumar, Multiply wound Polyakov loops at strong coupling,

Rev. D 74 (2006) 026001 [hep-th/060319(].

[16] N. Drukker, S. Giombi, R. Ricci and D. Trancanelli, On the D3-brane description of some
1/4 BPS Wilson loops, UHEP 04 (2007) 00§ [hep-th/061216§.

[17] H. Lin, O. Lunin and J.M. Maldacena, Bubbling AdS space and 1/2 BPS geometries,

10 (2004) 02 [hep-th/0409174).

[18] S. Yamaguchi, Bubbling geometries for half BPS Wilson lines, |[nt. J. Mod. Phys. A 22

(2007) 1359 [hep-th/060108d].

[19] O. Lunin, On gravitational description of Wilson lines, JHEP 06 (2006) 026
[hep-th/0604133].

[20] J. Gomis and C. Romelsberger, Bubbling defect CFT’s, JHEP 08 (2006) 05(
lhep-th/0604155].

[21] E. D’Hoker, J. Estes and M. Gutperle, Gravity duals of half-BPS Wilson loops, JHEP 06

(2007) 063 [arXiv:0705.1004].

[22] R. Hernandez, K. Sfetsos and D. Zoakos, Gravity duals for the Coulomb branch of marginally
deformed N = 4 Yang-Mills, JHEP 03 (2006) 069 [hep-th/0510139].

[23] E. Imeroni and A. Naqvi, Giants and loops in beta-deformed theories, JHEP 03 (2007) 034
[hep-th/0612039.

[24] M. Pirrone, Giants on deformed backgrounds, [JHEP 12 (2006) 064 [hep-th/0609173.

[25] D.E. Berenstein, J.M. Maldacena and H.S. Nastase, Strings in flat space and pp waves from
N = 4 super Yang-Mills, JHEP 04 (2002) 013 [hep—th/0202021].

- 292 —


http://www-spires.slac.stanford.edu/spires/find/hep/www?j=00203%2C5%2C809
http://arxiv.org/abs/hep-th/0111222
http://jhep.sissa.it/stdsearch?paper=07%282004%29018
http://arxiv.org/abs/hep-th/0403110
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PRLTA%2C80%2C4859
http://arxiv.org/abs/hep-th/9803002
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=EPHJA%2CC22%2C379
http://arxiv.org/abs/hep-th/9803001
http://jhep.sissa.it/stdsearch?paper=02%282005%29010
http://jhep.sissa.it/stdsearch?paper=02%282005%29010
http://arxiv.org/abs/hep-th/0501109
http://jhep.sissa.it/stdsearch?paper=05%282006%29037
http://jhep.sissa.it/stdsearch?paper=05%282006%29037
http://arxiv.org/abs/hep-th/0603208
http://jhep.sissa.it/stdsearch?paper=08%282006%29074
http://arxiv.org/abs/hep-th/0604007
http://jhep.sissa.it/stdsearch?paper=06%282006%29057
http://jhep.sissa.it/stdsearch?paper=06%282006%29057
http://arxiv.org/abs/hep-th/0604209
http://jhep.sissa.it/stdsearch?paper=08%282006%29026
http://jhep.sissa.it/stdsearch?paper=08%282006%29026
http://arxiv.org/abs/hep-th/0605027
http://jhep.sissa.it/stdsearch?paper=01%282007%29097
http://arxiv.org/abs/hep-th/0612022
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD74%2C026001
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD74%2C026001
http://arxiv.org/abs/hep-th/0603190
http://jhep.sissa.it/stdsearch?paper=04%282007%29008
http://arxiv.org/abs/hep-th/0612168
http://jhep.sissa.it/stdsearch?paper=10%282004%29025
http://jhep.sissa.it/stdsearch?paper=10%282004%29025
http://arxiv.org/abs/hep-th/0409174
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=IMPAE%2CA22%2C1353
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=IMPAE%2CA22%2C1353
http://arxiv.org/abs/hep-th/0601089
http://jhep.sissa.it/stdsearch?paper=06%282006%29026
http://arxiv.org/abs/hep-th/0604133
http://jhep.sissa.it/stdsearch?paper=08%282006%29050
http://arxiv.org/abs/hep-th/0604155
http://jhep.sissa.it/stdsearch?paper=06%282007%29063
http://jhep.sissa.it/stdsearch?paper=06%282007%29063
http://arxiv.org/abs/0705.1004
http://jhep.sissa.it/stdsearch?paper=03%282006%29069
http://arxiv.org/abs/hep-th/0510132
http://jhep.sissa.it/stdsearch?paper=03%282007%29034
http://arxiv.org/abs/hep-th/0612032
http://jhep.sissa.it/stdsearch?paper=12%282006%29064
http://arxiv.org/abs/hep-th/0609173
http://jhep.sissa.it/stdsearch?paper=04%282002%29013
http://arxiv.org/abs/hep-th/0202021

[26]

[27]

O. Lunin and J.M. Maldacena, Deforming field theories with U(1) x U(1) global symmetry
and their gravity duals, |[JHEP 05 (2005) 033 [hep-th/0502086].

N. Drukker, D.J. Gross and H. Qoguri, Wilson loops and minimal surfaces, |Phys. Rev. D 60

(1999) 125000 [rep—th/9904191.

28]

[31]

32]

[33]

[34]

M. Bianchi, M.B. Green and S. Kovacs, Instanton corrections to circular Wilson loops in
N = 4 supersymmetric Yang-Mills, JHEP 04 (2002) 04( [hep-th/0202003].

K. Zarembo, Supersymmetric Wilson loops, Nucl. Phys. B 643 (2002) 157 [hep-th/0205164).

N. Drukker, 1/4 BPS circular loops, unstable world-sheet instantons and the matriz model,

JHEP 09 (2006) 004 [hep-th/0605151].

C.-S. Chu, G. Georgiou and V.V. Khoze, Magnons, classical strings and (3-deformations,
VHEP 11 (2006) 093 [hep-th/060622(].

A. Miwa and T. Yoneya, Holography of Wilson-loop expectation values with local operator
insertions, JHEP 12 (2006) 060 [nhep-th/0609007].

J.K. Erickson, G.W. Semenoff and K. Zarembo, Wilson loops in N = 4 supersymmetric
Yang-Mills theory, [Nucl. Phys. B 582 (2000) 15 [hep-th/0003055].

N. Drukker and D.J. Gross, An exact prediction of N =4 SUSYM theory for string theory, E

Math. Phys. 42 (2001) 2896 [hep-th/0010274)].

[35]

[36]

N. Ishibashi, S. Iso, H. Kawai and Y. Kitazawa, Wilson loops in noncommutative Yang-Mills,
[Nucl. Phys. B 573 (2000) 573 [hep—th/9910004].

D.Z. Freedman and U. Gursoy, Comments on the beta-deformed N = 4 SYM theory, |JHEH

11 (2005) 049 [hep-th/050612¢].

[37]

S. Penati, A. Santambrogio and D. Zanon, Two-point correlators in the beta-deformed N = 4
SYM at the next-to-leading order, JHEP 10 (2005) 023 [hep-th/0506150].

,23,


http://jhep.sissa.it/stdsearch?paper=05%282005%29033
http://arxiv.org/abs/hep-th/0502086
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD60%2C125006
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD60%2C125006
http://arxiv.org/abs/hep-th/9904191
http://jhep.sissa.it/stdsearch?paper=04%282002%29040
http://arxiv.org/abs/hep-th/0202003
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB643%2C157
http://arxiv.org/abs/hep-th/0205160
http://jhep.sissa.it/stdsearch?paper=09%282006%29004
http://arxiv.org/abs/hep-th/0605151
http://jhep.sissa.it/stdsearch?paper=11%282006%29093
http://arxiv.org/abs/hep-th/0606220
http://jhep.sissa.it/stdsearch?paper=12%282006%29060
http://arxiv.org/abs/hep-th/0609007
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB582%2C155
http://arxiv.org/abs/hep-th/0003055
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=JMAPA%2C42%2C2896
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=JMAPA%2C42%2C2896
http://arxiv.org/abs/hep-th/0010274
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB573%2C573
http://arxiv.org/abs/hep-th/9910004
http://jhep.sissa.it/stdsearch?paper=11%282005%29042
http://jhep.sissa.it/stdsearch?paper=11%282005%29042
http://arxiv.org/abs/hep-th/0506128
http://jhep.sissa.it/stdsearch?paper=10%282005%29023
http://arxiv.org/abs/hep-th/0506150

